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Hisotry: Kazhdan-Lusztig polynomials

Kazhdan-Lusztig introduced this in 1979 to study
representation of Hecke algebras and geometry of
Schubert varieties.
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Introduction

Since then...

Geometry and Representation theory:
Braden-MacPherson, Brylinski-Kashiwara,
Elias-Williamson, Goresky, Irving, Tanisaki, ...

H 1979 KL polynomials H

Combinatorics:
Billey-Lakshmibai, Bjorner-Brenti school,
Carrell-Peterson, Deodhar, Dyer, ...




Notation

Masato Kobayashi
| troduction (W,S, T,l,<,—) is a crystallographic Coxeter system:

W = S*/{(rs)™"*) = e, m(s,s) = 1}

m(r,s) € {1,2,3,4,6,00}
T={wsw™|we W,seS}
C: length funciton

lw)=min{/ >0|w=s,---5,5 € S}.

<, —: Bruhat order, Bruhat graph



Introduction

Def: Bruhat graph of W is a directed graph for vertices
w € W and for edges u — ut, t € T, {(u) < {(ut).

<: Bruhat order= transitive closure of this relation.



Example: W = A,

Introduction




Fact: There exists a unique family of polynomials
{Pun(q) | u,w € W} C Z|[q] (Kazhdan-Lusztig
Kazhdan-Lusztig p0|yn0mia|5) SUCh that

pobmemils Pu(q) =0if u £ w,

Puw(q)=1if u=w,

deg P, (q) < (U(u,w) —1)/2if u < w,
[@°1(Puw) = 1if u < w,

m if u <w, then

q A, W)'Duw _1 Z Ruv vw )



Fact: There exists a unique family of polynomials
P (R, (q) | u,w € W} C Z[q] (R-polynomials) such
polynomials that

B Ru(q)=0ifugw,
m Ru(q)=1lifu=w,
mif se€ S and {(ws) < {(w), then

Run(q) = Rus,ws(q) if £(us) < £(u),
" (@ = D)Ruws(q) + qRusws(q)  if £(u) < £(us).
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Kazhdan-Lusztig

polynomials
Ruw(1) = .
0 otherwise.

P (1):{1 if u—w

if u=w

0 otherwise.

—> Ruw(q) somehow “detects vertices and edges” on
Bruhat graphs at ¢ = 1.
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Relation between Bruhat graph and KL polynomials

Kazhdan-Lusztig
polynomials

Fact (Carrell 1994): For u < w, the following are
equivalent:

s P,(1)=1.

m [u, w] is regular as a Bruhat graph.



Kazhdan-Lusztig
polynomials

is regular.

PE,S]_5251 (q) = 1



Fact (Irving 1988, Braden-MacPherson 2001):
m P,,(gq) > 0. (coefficientwise)
mifu<v<win W, then

Kazhdan-Lusztig
polynomials

PuW(]') Z PVW(]')

However, this would not tell us when a strict inequality
holds!



Kazhdan-Lusztig
polynomials

Def (Kobayashi): u — v in [u, w] is strict if
Puw(1) > Py (1).

Q: how often such inequalities hold in [u, w]?



Main theorem

Theorem (Kobayashi 2013): Suppose u < w. If
P.w(1) > 1, then there exists v € [u, w| such that

Main theorem

u—v and P, (1) > P,(1).



Proof 1/4

(u, w
(u, w

mn® {v|u—v < w, strict}|

) = (w) — (u)

Y={veW|u—v<w}

m/
./

Main theorem

Fact (Deodhar inequality): If P,, (1) > 1, then

lu,w) —l(u,w) > 0.



Proof 2/4

¢(u,w) = rank of [u, w| as an Eulerian poset.

{(u, w) = the number of outgoing edges from w.

Main theorem w
[ ]




Proof 3/4

Goal is to show n > 1. Suppose n = 0.
Differentiate

¢"“WPu(@) = > Ru(q)Pu(q)

Main theorem U<V<W

and g = 1:
U, w)Puy(1) = 2P, (1) = Y Pu(1)
viu—v<w
> P+ Y Pu(l)
viu—v<w viu—v<w

strict not strict



Proof 4 /4

—2P,,(1) = V:ugv;w Pow(1) + (U, w) — \;1, —(u, w))Puw(1)

Main theorem

<0

= D Pu(1)+ (@, w) = £(u, w))Puy(1),
e %

>0

a contradiction. O
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Further ideas:

m This proof was a brute force. Find a more elegant

proof.
Main theorem ] Study these pOSItIVe integers
Puw(l) - PVW(]‘)
for u < w.

m Find a combinatorial interpretation of coefficients of
Kazhdan-Lusztig polynomials with this theorem.

m Meet Sara Billey in Washington University.
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Thanks!



