
Masato Kobayashi

Introduction

Kazhdan-Lusztig

polynomials

Main theorem

When does a strict inequality of

Kazhdan-Lusztig polynomials hold?

Masato Kobayashi

Kanagawa University

September 19, 2019



Masato Kobayashi

Introduction

Kazhdan-Lusztig

polynomials

Main theorem

Keywords

Bruhat graph

Coxeter group

Kazhdan-Lusztig polynomials

Hisotry: Kazhdan-Lusztig polynomials

Kazhdan-Lusztig introduced this in 1979 to study
representation of Hecke algebras and geometry of
Schubert varieties.
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Since then...

Geometry and Representation theory:
Braden-MacPherson, Brylinski-Kashiwara,

Elias-Williamson, Goresky, Irving, Tanisaki, . . .

1979 KL polynomials

44

,,

Combinatorics:
Billey-Lakshmibai, Björner-Brenti school,
Carrell-Peterson, Deodhar, Dyer, . . .
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Notation

(W , S ,T , ℓ,≤,→) is a crystallographic Coxeter system:

W = S∗/{(rs)m(r ,s) = e,m(s, s) = 1}

m(r , s) ∈ {1, 2, 3, 4, 6,∞}
T = {wsw−1 | w ∈ W , s ∈ S},
ℓ: length funciton

ℓ(w) = min{l ≥ 0 | w = s1 · · · sl , si ∈ S}.

≤,→: Bruhat order, Bruhat graph
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Def: Bruhat graph of W is a directed graph for vertices
w ∈ W and for edges u → ut, t ∈ T , ℓ(u) < ℓ(ut).

≤: Bruhat order= transitive closure of this relation.
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Example: W = A2
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Fact: There exists a unique family of polynomials
{Puw(q) | u,w ∈ W } ⊆ Z[q] (Kazhdan-Lusztig
polynomials) such that

Puw(q) = 0 if u ̸≤ w ,

Puw(q) = 1 if u = w ,

degPuw(q) ≤ (ℓ(u,w)− 1)/2 if u < w ,

[q0](Puw) = 1 if u ≤ w ,

if u ≤ w , then

qℓ(u,w)Puw(q
−1) =

∑
u≤v≤w

Ruv (q)Pvw (q).
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Fact: There exists a unique family of polynomials
{Ruw(q) | u,w ∈ W } ⊆ Z[q] (R-polynomials) such
that

Ruw(q) = 0 if u ̸≤ w ,

Ruw(q) = 1 if u = w ,

if s ∈ S and ℓ(ws) < ℓ(w), then

Ruw (q) =

{
Rus,ws(q) if ℓ(us) < ℓ(u),

(q − 1)Ru,ws(q) + qRus,ws(q) if ℓ(u) < ℓ(us).
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Fact:

Ruw(1) =

{
1 if u = w

0 otherwise.

R ′
uw(1) =

{
1 if u → w

0 otherwise.

=⇒ Ruw(q) somehow “detects vertices and edges” on
Bruhat graphs at q = 1.
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Relation between Bruhat graph and KL polynomials

Fact (Carrell 1994): For u ≤ w , the following are
equivalent:

Puw(1) = 1.

[u,w ] is regular as a Bruhat graph.



Masato Kobayashi

Introduction

Kazhdan-Lusztig

polynomials

Main theorem

e

s1 s2

s1s2 s2s1

s1s2s1

ddJJJJJJJJJJJ

::ttttttttttt

OO OO

::ttttttttt

ddJJJJJJJJJ

77oooooooooooooooooooooo

ggOOOOOOOOOOOOOOOOOOOOOO

OO

is regular.

Pe,s1s2s1(q) = 1.
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Fact (Irving 1988, Braden-MacPherson 2001):

Puw(q) ≥ 0. (coefficientwise)

If u ≤ v ≤ w in W , then

Puw(1) ≥ Pvw (1).

However, this would not tell us when a strict inequality
holds!



Masato Kobayashi

Introduction

Kazhdan-Lusztig

polynomials

Main theorem
Def (Kobayashi): u → v in [u,w ] is strict if

Puw(1) > Pvw (1).

Q: how often such inequalities hold in [u,w ]?
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Main theorem

Theorem (Kobayashi 2013): Suppose u ≤ w . If
Puw(1) > 1, then there exists v ∈ [u,w ] such that

u → v and Puw(1) ⪈ Pvw (1).
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Proof 1/4

ℓ(u,w) = ℓ(w)− ℓ(u)

ℓ(u,w) = |{v ∈ W | u → v ≤ w}|

n
def
= |{v | u → v ≤ w , strict}|

Fact (Deodhar inequality): If Puw(1) > 1, then

ℓ(u,w)− ℓ(u,w) > 0.
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Proof 2/4

ℓ(u,w) = rank of [u,w ] as an Eulerian poset.

ℓ(u,w) = the number of outgoing edges from u.
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Proof 3/4

Goal is to show n ≥ 1. Suppose n = 0.
Differentiate

qℓ(u,w)Puw(q
−1) =

∑
u≤v≤w

Ruv (q)Pvw (q)

and q = 1:

ℓ(u,w)Puw(1)− 2P ′
uw(1) =

∑
v :u→v≤w

Pvw (1)

=
∑

v :u→v≤w
strict

Pvw (1) +
∑

v :u→v≤w
not strict

Pvw (1)
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Proof 4/4

−2P ′
uw (1)︸ ︷︷ ︸
<0

=
∑

v :u→v≤w
strict

Pvw (1) + (ℓ(u,w)− n︸︷︷︸
0

−ℓ(u,w))Puw (1)

=
∑

v :u→v≤w
strict

Pvw (1)

︸ ︷︷ ︸
≥0

+(ℓ(u,w)− ℓ(u,w))Puw (1)︸ ︷︷ ︸
≥0

,

a contradiction.
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Further ideas:

This proof was a brute force. Find a more elegant
proof.

Study these positive integers

Puw(1)− Pvw (1)

for u ≤ w .

Find a combinatorial interpretation of coefficients of
Kazhdan-Lusztig polynomials with this theorem.

Meet Sara Billey in Washington University.
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Thanks!


