VALUES OF ZETA-ONE FUNCTIONS AT POSITIVE EVEN
INTEGERS
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ABSTRACT. Motivated by Euler-Goldbach and Shallit-Zikan theorems, we in-
troduce zeta-one functions with infinite sums of n® =1 as an analogy of the
Riemann zeta function. Then we compute values of these functions at positive
even integers by the residue theorem.
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1. INTRODUCTION: EULER-GOLDBACH THEOREM

Let us start with the celebrated Euler-Goldbach Theorem. Say that a natural
number p is a perfect power if p = n™ for some natural numbers m,n > 2.

Theorem 1.1 (Euler-Goldbach).

1
> e
-1
p:perfect power
See Bibiloni-Paradis-Viader [2] for history of this theorem. Recently, Shallit-

Zikan [4] (1983) reinterpreted it in terms of Riemann’s zeta function: the infinite

series
o0

¢(s) 1 1+1+1+1+1+
S) = _— = — _ _ _ [R— P
lns 15 23 35 43 53

is convergent for all complex numbers s such that Re(s) > 1. Indeed, Euler proved

that (2}
1 (2m
where {B,} are signed Bernoulli numbers as in Table 2; refer to Ayoub [1] for
history of this function.
Since ((s) =1+ 55 + -+ > 1 and
2

2> =((2)>((3) > ) >(6) >

we have 1 < ((s) < 2 for all s > 2. That is, ((s) — 1 is the fractional part of ((s).
For example,

C(2)—1=0.6449. . .,
¢(3)—1=0.2020...,
C(4)—1=0.0823...,
¢(5)—1=0.0369. ...

Theorem 1.2 (Shallit-Zikan [4]).

> k) -1 =

k=2

Let us now see a similar result.
Theorem 1.3 (See J.M. Borwein-Bradley-Crandall [3, p. 262]).

> 3
Z(C(%) —1)= 1

k=1

Here we give a proof since it suggests some ideas for our main results.
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. 1
Proof. Consider the double sequence a,;; = (=3¢ )n>2,k>1 and positive series So.k>1 Ank-

We find that "

so that we can freely switch order of this series. As a consequence,

Z( (2k) = 1) :Zzn% Zzn%:_'

k=1 =1 n=2 n=2 k=1

U

In this proof, the mﬁmte series » >, 2 7 appeared. It is now natural to think
of analogous sums )  ——= ﬂ. With this simple idea, this article introduces zeta-one

functions (41(s), (~1(s) and we compute values of (;1(2m) and {_;(2m) as main
Theorems 3.3 and 4.2.
2. ZETA-ONE FUNCTIONS

2.1. Definition. Throughout k, m,n, N and s each denote a nonnegative integer
unless otherwise specified. Further, we assume that s > 2.

Definition 2.1. Define the zeta-one functions by

[e.9]

1 o0
Crals) = ; s+ 1 and  (_1(s Z e —

n=2

(For s > 2, these sums are indeed convergent as mentioned below). Call each
zeta-plus-one and zeta-minus-one function, respectively.

2.2. Example.

Example 2.2. As seen above, (_; ( ) = 2. Moreover, since

3
1
1 o0
th —
coth(rz) = —|— - ng

ze C
1Z—|—n2’ )

the substitution z = 1 implies that

o0

1 1 =«
C+1(2> = Z 7’L2——H - —5 + ECOth(ﬂ').
n=1
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TABLE 1. zeta even values

2k 2 4 6 8 10 12

C(2k) m2 gt 7 78 i0 69172
6 90 945 9450 93555 638512875
TABLE 2. signed Bernoulli numbers (with By = Bs = --- = 0)
n |0 1 2 4 6 8
B, 1 =5 § —% ® ~®m

n |10 12 14 16 18 20

B | 5 _691 7 3617 43867 _ 174611
n | 66 2730 6 510 798 330

As a consequence,

CGras) < Gh(2) <00, Caals) < Ca(2) <00
for all s > 2.

3. MAIN THEOREM 1
Toward the proof of Theorem 3.3 on (;1(2m), we need lemmas.
3.1. Lemmas. For m > 1, set

f(z) =

i :
cot(m2) and « =exp LR
z2?m 41 2m

Recall that

1 I~ 22
t =—+—  E— C.
cot(mz) — + - 321 = °€
Thus, f is a meromorphic function with simple poles z = 0, +1, 42, £3,--- and

2m—1 5 _ 2m—1

3 5 3
a,a, A T, —Q, =, e, — (O

as all the roots of 2™ + 1 = 0. Let us compute the residue of f at each pole.
Lemma 3.1. For n =0,+1,£2, £3,---, we have

1

RGS(f, Tl) = m,
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and for 1 < k <m,

a?~Leot(ra?1)

Res(f, +a®1) = —

2m
Proof. First, we have
Res(f, ) =lim (= ) /(2) = ln =" T}
es(f,n) =lim(z —n)f(z) = lim . = :
’ Z—n zonsinm(z—n) 22m+1  w(n?m 4+ 1)

Second, for 1 < k < m,

Res(f,o®* 1) = lim (z —a®* Nf(2)

z—a2k—1

= lim Z— T —
z—)a%*l( z2m 4+ 1

= lim cot(rz) lim ———r
z—a2k-1 z—a2k—1 z4M 4]

=) lim ———  (L’Hopital’s rule)

= cot(ma
( z—sa2k-1 2mz2m—1

2k—1) 1
2m(a2k—1)2m—1
oz%_lcot(ﬁa%_l)

_ o ((a2k—1)2m — _1)‘

= cot(ma

It is quite similar to show that

a1 cot(ma?k 1)

Res(f7 _a2k71) = om

O

Lemma 3.2. For a positive integer /N, consider line segments on the complex

plane
1 1
—(N+=)<y<N+-

1 1
— (I N+=-)<z<N+ -

1 1
—(N+= | <x<N+-=

Ci(N) = {<N+%) +yi

U ()
{
{

i

N+
N2ty
- ]
5 )

N+

1

2

I
x 5 )¢

Ca(N)
C3(N)
Ci(N)
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and set C(N) = C1(N) U Cy(N) U C5(N) U Cy(N).

(N+3)i

N +

N

[1] If z € C(N), then | cot(rz)| < coth 3.
[2] If z € C(N), then
1 1
|22m_|_1| S 1\2m '
(N+3)™ -1

Proof.
[1] Suppose z € C(N). If z € Cy(N), then write

1 1 1

2
iz 4 gmin o~ p(N+5)mi _{_ewye—(N-‘r%)?Ti
lcot mz| = |— —| = N N

emE — e e—Wye(NJr?)m — @”yef(NJrE)ﬂ-l
[N e ()Y (i)
e (=1)Ni — e (—1)N(—i)

e ™ —e™ e —e ™
e e | |em 4 ey

3

= |tanh(y)| <1 < coth o (= 1.00016- - - ).

If z € Cy(N), then

1 1
z:x—i—(N—i——)i, —(N—i——>§x§N+

2
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and
eﬂ'ZZ + efTI"LZ

| COt(ﬂ-Z” - em'z _ e—wiz

’ewizl + ‘e—ﬂiz’
= Jle| = Je=re]

‘efﬂ’(NJr%)

+ eﬂ(N+%)

_ |er(v+3)

e_W(N"'%)

1 3
= coth (N + 5) 7 < coth §7r

since t +— coth(t) is decreasing for t > 0. For z € C3(N) U Cy(N), we have
—z € C1(N)UCy(N) so that

|codﬂ@|:|——am@d—z»|:|an0d—z»|Scmhgw.

[2] 1f z € C(N), then |2| > N + 1. Consequently, |2[>™ — 1> (N + 1)*" — 1,
1 1
1S Nr )T 1
2
R 1
e N e N (e S

U

3.2. Proof of main theorem 1. Let s be a positive even integer, say s = 2m,

g)
m > 1. Further, let a = ay,, = exp (2—) for convenience.
m

Theorem 3.3.

Proof. View C'(N) = C1(N) 4+ Cy(N) + C5(N) + C4(N) above as the sum of four
paths with counterclockwise orientation. Notice that any pole of f does not lie on
C(N). We are going to compute the integral

Iy = f(z)dz.
C(N)
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Let D(N) be the domain enclosed by C(N). Then, the residue theorem with
Lemma 3.1 claims that

Iy = /C(N)f(z)dz

= 27 Z Res(f,a)

a:pole of f(z)

a€D(N)
N m
= 2mi <Res(f, 0) + Y (Res(f,n) + Res(f, —n)) + Y _ (Res(f, ™) + Res(f, —a%—l)))
n=1 k=1

N m
1 1 a1 cot(ma®k 1)
—omi | = +2 E LY E
™ <7T * — w(n?m +1) * ( p 2m

while Lemma 3.2 implies

[In| =

_/C(N)| ()] d=

coth %77
< o dz
(N + %) —1Jeowy

B coth gﬂ'
- 2m
(N+3)" -

1
1
Therefore, taking the limit N — oo for Iy yields

m t 2k—1
0:2m‘< + C+12m —220‘ ! cot(ra >>.

2m
k=1

Conclude that

O

3.3. Example. Of course, (;1(2m) is a real number so that there should be some
expression of (;1(2m) in terms of only real trigonometric functions.
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Example 3.4. Lets—4mf2anda—a4fexp( ) Then

o 1
Cha(4 § i —3 —|— a cot(mar)
n=1
1 3 3
=—5 + = (a cot(rar) + o cot(ra’))
1 =« —1 -1
=—3 + I (acot(ma) + ' cot(ra™)) .

Now, it follows from the facts

sin 2x — ¢ sinh 2y

v 1+
+— | = d t ) = R
T exp ( 1 ) NG m and cot(x + yi) coshi 2y — cos 20 T,y €
that
Lom -1 -1
(+1(4) = —3 + 1 (avcot(ma) + ' cot(ra ™))
B 1+7r 1+1 sin\/ﬁﬂ—isinh\/ﬁﬂ+1—i sin /27 + i sinh 27
2 4\ V2 coshV2m — cos2r V2 cosh2m — cos 27w

1 . V271 [ sin /27 + sinh /27
2 4 cosh /21 — cosv2m |

Lets:6,m:3anda:a6:exp(%i) :@. Witha? =i, a° =a ! = \/52—2'
and i cot(mi) = coth(r), we observe that

1
C+1(6) —5tg (a cot(rar) + o’ cot(ma’) + o cot(ma’))
1
5+ % (v cot(m ~cot(mra") + i cot(mi))
1 x \/_—i—z sm\/_7r—281nh7r V3 —1i siny/3m+isinhnw
-t = - + coth(n)
26 cosh T — cos /3w 2 cosh ™ — cos /3w
1+E V3sinv/371 + sinh 7 + coth(m) | .
2 6 cosh ™ — cos /3w

4. MAIN THEOREM 2

Next, we prove Theorem 4.2 on (_1(2m). Ideas are quite same.

4.1. Lemma. For m > 1, let
cot(mz)
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It has poles at z = 0,4+1,42. 43, ..., and z = 8%, 1 <k <2m — 1,k # m. The
order of the poles z = 41 is 2 and the all others are simple.

Lemma 4.1. For n =0,£2,£3,..., we have
1

Res(g,n) = rn2m — 1)’

for 1 <k <2m—1,k#m,

5k
Res(, 8*) = By cot (")

and moreover i )
m _—
Res(g,+1) = — )
(97 ) 4m7T
Proof. The proofs of the first two equalities are almost similar to ones for Lemma
_ 2m—1

3.1. Thus we only need to show Res(g, £1) = —F—.
Let ¢(2) = 32701 2%, Notice that ¢(2) = (2271 —1)/(z — 1).
Then
d
Res(g,1) = lim d—(z —1)%g(2)

z—1 az

‘ -

. d
= ll_rg a(z — 1) cot(nz) -

_ lllg <COt<7TZ) — W(z¢—(zl) (cot’mz+1) (2 — 1) cot(n2) z;ij)2> '

Let us see the first term. Immediately, lim, ,; ¢(1) = 2m and

<

()

~—

w=z—1

: o 5 _ B )
ll_tg (cot(mz) — m(z — 1)(cot® mz + 1)) 3}13% (cot(rw) — mw(cot® 7w + 1))
= 3}% (cot(mw)(1 — mw cot(mw))) — BL% Tw

tan(rw) — Tw

= lim 5 0
w—0 tan® Tmw
1 + tan? —
i PRI ST geital's rule)

w—0 27 tan 7w (1 + tan? Tw)

In addition, since
2m—1

¢(1) =Y k=m2m—1),

the limit z — 1 for the second term is
| #(2) | #(w—1)
llg% (—(2 —1) cot(wz)¢(z)2 =— ilinow Cot(ww)m

Im@2m—-1)  2m—1
™ (2m)2  dmm
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4.2. Proof of main theorem 2. Let § = exp (ﬂ> as above.
m

Theorem 4.2.

1 2m — 1 T

_1(2m) = — - — kot kY.

C-1(2m) 2 * 4m 4dm Z B cot(m)
1<k<2m—1,k#m

Proof. Let N,C(N), D(N) be as in the previous section. Again, the residue theo-

rem claims that
/ g(z)dz = 2mi Z Res(g, a).
C(N)

a:pole of g
a€D(N)

Taking the limit N — oo, the integral converges to 0 likewise. It follows from
Lemma 4.1 that

0=2m Z Res(g, a),

a:pole of g

0 = Res(g,0) + Res(g,1) + Res(g, —1) + Z Res(g,n) + Res(g, —n))
n=2

+ — t
E QmB cot(m (")
1<k<2m-—1,k#m

_ 1 zm-1 %gl(zm) + Y %ﬁ’“ cot(m3").

T 2m
1<k<2m—1,k#m

Conclude that
1 2m — 1
Caem) =5+ = T ST Breot(nph).

2 dm 4m
1<k<2m—1,k#m

4.3. Example.

Example 4.3. For s =4,m = 2,5 = exp (%) = 4, an expression of real trigono-
metric function for ¢_1(4) is

1 3 ) ) 7
i) =5+ 5 - g (i cot (i) + & cot(mi®)) = = — Zcoth(ﬂ).
Notice that this also shows that

(¢(ak) ~ 1) = £ ~ T coth(m)

k=1
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as in [3, p.263]. For s =6,m = 3,5 = exp (%), we see that
1 5)

1(6) =5+

_% (67ri/3 cot(we”i/g) + e~ Ti/3 cot(we_”/?’) + o2mi/3 cot(7re2“/3) + o—2mi/3 Cot(we_%i/?’))

! 7 [ /3sinh 37 N V3 sinh /37
12 12 \coshv3m+1 coshv/3m+1

11 T 2\/§2sinh‘/7§7rcosh‘/7§7r
12 12 2 cosh? \/7371'

11 V3 V3

= — — —mtanh —.
12 6 2
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